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Abstrat
We study transversely Lorentzian foliations on the losed 3-manifolds. We lassify
them under a ompleteness hypothesis and we dedue the dual lassiation of odi-
mension 1 geodesially omplete timelike totally geodesi foliations. Besides we provide
an example of a Lorentzian foliation on a ompat 3-manifold whih is equiontinuous
on a proper dense open subset of the manifold, and hene not transversely omplete.
Résumé
Nous étudions les feuilletages transversalement lorentziens sur les variétés fermées de
dimension 3. Sous une hypothèse de omplétude, nous les lassions. Nous en déduisons
la lassiation, duale, des feuilletages de odimension 1 de type temps totalement
géodésiques et géodésiquement omplets. Par ailleurs nous fournissons un exemple de
feuilletage lorentzien sur une 3-variété ompate, equiontinu sur un ouvert dense propre
et don non transversalement omplet.
Keywords: Lorentzian foliation, transversely omplete, timelike totally geodesi foliation
Mathematial subjet lassiation: 53C12; 53C50
1 Introdution
In this artile we study the foliations admitting a transverse Lorentzian metri. It is the
Lorentzian analogue of the better known Riemannian foliations and they still have a rigid
transverse geometry. We reall that a transverse (pseudo-)Riemannian metri of a foliation
F is a (pseudo-)Riemannian metri on the normal bundle ν(F) = TM/TF , invariant under
the ow of any vetor eld tangent to F . We send the reader to the book [14℄ of P. Molino
for a general theory in the Riemannian ase and to setion 2 here for a preise denition.
The Lorentzian foliations are thus the foliations admitting a transverse pseudo-Riemannian
metri of index 1.
One of the main dierenes between pseudo-Riemannian (and in partiular Lorentzian)
and Riemannian geometry is that a pseudo-Riemannian metri may admit non-equionti-
nuous sequenes of isometries. In the same way, the holonomy pseudogroup of a transversely
pseudo-Riemannian foliation may be non equiontinuous. For example, on the ompat 3-
manifolds, É. Ghys used that the Anosov ows having smooth weak stable and unstable
foliations and preserving a volume form are transversely Lorentzian to lassify them, see [9℄.
Nevertheless, on ompat manifolds, we may hope that equiontinuity fails in very speial
situations. Indeed, so is it for sequenes of isometries of a ompat pseudo-Riemannian
manifold: suh a sequene, either is equiontinuous, or has nowhere bounded derivative,
see [29℄. Moreover, an equiontinuous group of pseudo-Riemannian isometries preserves a
1
Riemannian metri, this is mainly the Asoli theorem. The Lorentzian foliations that were
already known satised also suh an alternative everywhere or nowhere equiontinuous:
they were either Anosov or Riemannian.
However, it turns out that this alternative is false for Lorentzian foliations. In setion 6
we give an example of a Lorentzian foliation whih is equiontinuous on a dense proper open
subset. However, adding a "ompleteness" hypothesis, alled transverse ompleteness, see
Denition 2.4 here, this alternative is still true. Using Molino's theory and the lassiation
of the Lorentzian Anosov ows, given by É. Ghys in [9℄, we prove the following theorem:
Theorem 4.1 Up to nite over, a 1-dimensional transversely omplete Lorentzian foliation
on a ompat 3-manifold is either smoothly equivalent to the foliation generated by an
algebrai Anosov ow or Riemannian.
Using then Y. Carrière's lassiation [4℄ of the Riemannian ows on ompat 3-manifolds,
we give a detailed panorama of the last ase.
As a natural orollary of Theorem 4.1, we lassify the odimension 1 foliations of
Lorentzian ompat 3-manifolds, the leaves of whih are timelike, totally geodesi and
geodesially omplete for a Lorentzian metri. Indeed the integral foliation of the orthogonal
distribution of those foliations are transversely omplete Lorentzian foliations, see Proposi-
tions 2.8 and 5.3. We obtain:
Theorem 5.15 Up to a nite over the timelike geodesially omplete totally geodesi
odimension 1 foliations of the losed 3 dimensional manifolds are
1. the foliations of the irle bundles over the torus, transverse to the bres.
2. the foliations on T
3
A with a ompat leaf and without Reeb nor type II omponents.
We send the reader to setion 5 for the denition of a type II omponent and to setion 2.2
for a reall of that of T
3
A. We just preise that, on T
3
A, the foliations without Reeb nor type
II omponents are exatly the taut foliations.
Finally to onlude this artile we remark that, up to a nite over, the tangent distri-
butions of odimension 2 Lorentzian foliations are given by the intersetions of the kernels
of two 1-forms. We show then how to haraterize those foliations in terms of 1-forms.
Struture of the artile. In setion 2 we introdue the notion of transversely omplete
pseudo-Riemannian foliation. In setion 3 we prove the alternative "Riemannian or Anosov"
for transversely omplete Lorentzian foliations and in setion 4 we give the lassiation:
Theorem 4.1 and its detailed version Theorem 4.2.
Setion 5 deals with timelike totally geodesi foliations and Theorem 5.15 is proved. In
setion 6, we give examples of non transversely omplete Lorentzian foliations and nally we
give in setion 7 the properties of the one-forms dening a Lorentzian odimension 2 foliation.
Smothness of the objets. All manifolds involved here are without boundary and all
dierential objets are of lass C2.
Thanks. The idea of this work was given us by a weekly workshop about onformally
Lorentzian foliations at the Éole Normale Supérieure de Lyon in Marh-May 2003, together
with Charles Franes, Thierry Barbot and Abdelghani Zeghib. We thank them for their
ontributions to this workshop, where we all learnt good mathematis.
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2 Denitions of ompleteness
2.1 The denitions
Let F be a foliation of odimension q on a manifold M . We will say that F is transversely
Lorentzian if it admits a so-alled transverse Lorentzian metri. One an dene this trans-
verse struture using a holonomy pseudogroup H of F ating on some transverse manifold
T and a Lorentzian metri gT on T suh that eah element of H preserves gT . However we
thought that a denition in terms of a bundle-like metri would be lear enough. We reall
what are a bundle-like metri, a basi funtion, form or vetor eld, and what is a transverse
parallelism, for a foliation F on a manifold M (see for instane [14℄).
1. A real funtion of M is basi (or foliated) for F if it is onstant along the leaves.
2. A vetor eld Y on M is basi (or foliated) for F if for all vetor eld X tangent to
F the vetor eld [X,Y ] is tangent to F . This is equivalent to ask that the ow of Y
preserves the foliation.
3. A 1-form α on M is basi (or foliated) for F if for all vetor eld X tangent to F
we have α(X) = 0 and iX dα = 0 (or equivalently if α(X) = 0 and LXα = 0 for LX
the Lie derivative of X). Notie that this onstraint is stronger than that of point 2
for vetorelds. Indeed, a foliation F always admits non-zero basi vetorelds yet
little interesting: the elds tangent to F , while a foliation may admit no non-zero
basi form.
4. A transverse parallelism of F is a q-tuple of basi vetor elds (X1, . . . ,Xq) spanning
a omplement of TF at every point of M . In general, a foliation F does not admit
any parallelism. If it admits one, it is said to be transversely parallelizable.
5. A (pseudo-)Riemannian metri g on M will be alled F-bundle-like if the restrition
of g to TF , the tangent bundle of F , is non-degenerate and if
LX
(
g|TF⊥
)
= 0,
for any vetor eld X tangent to F .
Notie that the integral urves of a nowhere lightlike and nowhere vanishing Killing
vetor eld gives a partiular ase of foliation having a bundle-like metri.
Denition 2.1 We will say that F is transversely Lorentzian if there exists a F-bundle-like
metri g whih indues on the normal bundle ν(F) = TM/TF a Lorentzian metri.
We denote by GL(M,F) the transverse frame bundle of F , it is a GL(q)-prinipal bundle.
We an lift the foliation F on a foliation F1 on GL(M,F) whih has the same dimension
but is of ourse of odimension q+q2. Saying that F is transversely Lorentzian is equivalent
to saying that GL(M,F) has a F1-foliated redution to the Lorentzian group O(1, q−1) i.e.
a redution to the group O(1, q− 1) of GL(M,F) whih is F1-saturated. We will denote by
Lor(F) this redution.
Claim 2.2 The transverse Lorentzian struture of F gives a natural transverse parallelism
of F1 on GL(M,F), hene on Lor(F).
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This is a onsequene of the existene of the Levi Civita onnetion of the Lorentzian
metri and of the appliation of the theory of Molino for Riemannian foliation [14℄. Following
Molino we introdue the:
Denition 2.3 Let G be a transversely parallelizable foliation of the manifold N and let
Lc(G) be the set of omplete vetor elds of N basi for the foliation G. We will say that G
is a omplete transversely parallelizable foliation if for all points x in N the set Lc(G)(x) =
{X(x),X ∈ Lc(G)} spans a omplement to TG.
Denition 2.4 We will say that a Lorentzian foliation F is transversely omplete if the
foliation F1 on Lor(F) is a omplete transversely parallelizable foliation.
Remark 2.5 The last denition an be equivalently stated with GL(M,F) instead of
Lor(F). Indeed for all points z ∈ GL(M,F) and all h ∈ GL(q) let us denote by Rh(z) = z.h
the right ation of GL(q) on GL(M,F). Then for all vetor Z in gl(q), the Lie algebra
of GL(q), we have a natural omplete vetoreld on GL(M,F) tangent to the bres of
GL(M,F)→M given by
Z˜(z) =
d
dt
∣∣∣∣
t=0
z. exp(tZ)
This gives, for all elements z in GL(M,F), a anonial identiation of gl(q) to the tangent
spae of the bre of GL(M,F)→M at z. Hene the transverse ompleteness of a Lorentzian
foliation depends on the existene of omplete vetorelds in Lc(F
1), transverse to F1 and
to those bres.
This remark implies also that Riemannian foliations are transversely omplete sine in
this ase we have a F1-foliated redution of GL(M,F) to the group O(q) whih is ompat. A
well known fat for transversely parallelizable omplete foliations is the following proposition
(see [14℄):
Proposition 2.6 Let (N,G) be a transversely parallelizable omplete foliation on a on-
neted manifold N . Then the group Diff(N,G) of dieomorphisms of N keeping G invariant
(i.e. all elements of Diff(N) sendind leaves of G onto leaves of G), ats transitively on N .
The proof follows from the fat that the omplete parallelism ensures that the orbits of
Diff(N,G) are open subsets of N . Thus there is only one orbit.
It is well known for Riemannian F-bundle-like metris that a geodesi starting orthogo-
nally to TF remains orthogonal to it for any time. This is still true in the pseudo-Riemannian
setting. Thus it is meaningful to speak about the geodesi ompleteness of the orthogonal
distribution TF⊥.
Denition 2.7 A Lorentzian foliation F will be alled geodesially omplete if there exists
a bundle-like Lorentzian metri for whih the orthogonal distribution TF⊥ is geodesially
omplete.
It gives another notion of ompleteness. Be areful that the existene an F-bundle-like
Lorentzian geodesially omplete metri does not imply that all F-bundle-like Lorentzian
metris are geodesially omplete (see Proposition 5.16 in Setion 5). The following propo-
sition onnets those denitions of ompleteness.
Proposition 2.8 A geodesially omplete Lorentzian foliation is transversely omplete in
the sense of Denition 2.4.
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Proof. We suppose that F is a geodesially omplete Lorentzian foliation of odimension q
and let pi : GL(M,F)→M be the prinipal bundle of transverse frames to F .
We rst onstrut the geometri onnetion on GL(M,F) orresponding to the Levi-
Civita ovariant derivative on M given by the bundle-like Lorentzian metri. For all z ∈
GL(M,F), z is a transverse frame at x = pi(z) that is to say z is a linear isomorphism from
R
q
to νx(F). Let X be a tangent vetor toM at x orthogonal to F . We an nd a C
1
urve
γ :] − ε, ε[→ M orthogonal to F and suh that γ(0) = x and γ′(0) = X. We denote by τγ
the parallel transport along γ. Thus for eah t in ] − ε, ε[, the linear isomorphism τγ(t) ◦ z
is a transverse frame over γ(t). Now we an set out
sx,z(X) =
d
dt
∣∣∣∣
t=0
τγ(t) ◦ z
It is well dened sine τγ depends smoothly on t and its 1-jet depends only on x,X and z. We
set Hz to be sx,z(TF
⊥). From the denition it satises Hz.h = dzRh(Hz) for all h ∈ GLq(R)
(where Rh is the right translation by h). And we also have dzpi(sx,z(X)) = X. Therefore
Hz is right invariant and transverse to the bres and to the foliation F
1
(the lifting of F on
GL(M,F)). We an dene a geometri onnetion Pz at z by setting Pz = Hz ⊕ TzF
1
.
Let θ be the fundamental form on GL(M,F). We reall its denition: for all z ∈
GL(M,F) and all vetor Z tangent at z to GL(M,F), we have θz(Z) = z
−1(dzpi(Z)) where
X → X denotes the projetion from TM to ν(F). The 1-form θ is Rq-valued, basi for F1
and moreover satises R∗hθ = h
−1θ (see [14℄). Restrited to Hz, the fundamental form θz
denes a linear isomorphism onto R
q
. Let (e1, . . . , eq) be the anonial basis of R
q
, for all i
we denote by Zi(z) the unique vetor of Hz suh that θz(Zi(z)) = ei. Then
• for all i, the vetor eld Zi if basi for F
1
sine so is θ.
• (Z1(z), . . . , Zq(z)) is a basis of Hz and projeted to TM by dzpi, it gives a basis of
TF⊥x .
By Remark 2.5 to nish the proof we just have to show that eah Zi is omplete. So let
zi(t) be the integral urve of Zi starting at zi(0) = z. It is dened on an open neighborhood
I of 0 in R. We denote by γi(t) = pi(zi(t)) its projetion on M . Then γi is orthogonal to F .
We will prove that it is a geodesi. Indeed reall that:
∇γ′
i
γ′i(x) = lim
t→0
1
t
(
τγi(t)
−1(γ′i(t))− γ
′
i(0)
)
By denition for all t in I we have
z−1(γ′i(0)) = θz(Zi(0)) = ei = θzi(t)(Zi(zi(t))) = θzi(t)(z
′
i(t)) = zi(t)
−1(γ′i(t))
Moreover if τi(t) denotes the urve τγi(t) ◦ z, sine pi(τi(t)) = γi(t) = pi(zi(t)) we have
dzi(t)pi(τ
′
i(t)) = dzi(t)pi(z
′
i(t)) and as τ
′
i(t) and z
′
i(t) belong to Hzi(t) we have the equalities
τ ′i(t) = z
′
i(t) and zi(t) = τγi(t) ◦ z. Thus τγi(t)
−1(γ′i(t)) = γ
′
i(0) and ∇γ′iγ
′
i(x) = 0. This
argument shows that ∇γ′
i
γ′i vanishes on I therefore γi is a geodesi orthogonal to F . As by
hypothesis γi is omplete the urve zi is too and then Zi is a omplete basi vetor eld. ✷
The reiproal of this proposition is not true: there exist non geodesially omplete but
transversely omplete Lorentzian foliations.
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2.2 An example of a transversely omplete but not geodesially omplete
Lorentzian foliation
Proposition 2.9 Let F be the strongly stable (or unstable) foliation of the Anosov ow
obtained by suspending a hyperboli dieomorphism of the 2-torus. Then F is transversely
Lorentzian omplete in the sense of Denition 2.4, and not geodesially omplete in the sense
of Denition 2.7.
Proof. The manifold obtained by this suspension is lassially denoted by T
3
A, with A ∈
SL2(Z) the linear hyperboli automorphism of T
2
to whih the initial dieomorphism is
isotopi. It is well known that F is a transversely ane Lie foliation, see [4℄. Hene it
is transversely parallelizable and therefore both Riemannian and Lorentzian. It follows
from remark 2.5 that F is transversely omplete. We are going to prove that F admits no
geodesially omplete bundle-like Lorentzian metri.
Let F˜ be the lift of F to the universal over of T3A. The spae of leaves of F˜ is dieo-
morphi to R
2
. The fundamental group of T
3
A, denoted by Γ, ats on this spae. This ation
an be seen as generated by the transformations:
(x, y) 7→ (x+ τ, y) and: (x, y) 7→ (λx, y + 1),
where τ belongs to a dense subgroup of R and λ is an irrational number greater than 1. A
transverse metri for F is just a metri on R2 invariant by this ation. We are going to prove
that suh metris are never geodesially omplete. As a rst example we an notie that this
ation an be seen as the ation of a subgroup of the group of isometries of a half Minkowski
plane (with lightlike boundary) on it. This is ertainly not a geodesially omplete metri.
Unfortunately the spae of transverse metris of F is big, the reason is that it is trans-
versely parallelizable and it admits basi funtions. (See an example of a non-homogegeous
transverse Lorentzian metri in setion 7 p. 24.) The strategy of the proof is to nd lightlike
inomplete geodesis on the spae on leaves using the works of Y. Carrière and L. Rozoy.
They proved in [6℄ that the ompleteness of lightlike geodesis on Lorentzian surfaes is
related to the holonomy of the lightlike foliations. More preisely we will use the fat that
almost all lightlike geodesis aumulating on a losed lightlike geodesi are inomplete.
Let g be a Lorentzian metri on R2 invariant by the ation of Γ. This metri has two
transverse lightlike geodesi foliations G1 and G2. Those foliations are invariant under Γ.
Let us rst suppose that one of the lightlike foliations of g, for example G1, is everywhere
transverse to the foliation G0 the leaves of whih are the R × {y}. Note that this is in
partiular the ase if one of those foliations is G0. This foliation is determined by one of
its leaves, the other being dedued by the translations (t, 0), for any t ∈ R . It means that
there exists a real number α suh that for any x ∈ R the leaf of G1 through (x, 0) ontains
the point (x+α, 1). Consequently the leaf ontaining ( αλ−1 , 0) is xed by the transformation
γ : (x, y) 7→ (λx, y + 1). Let us onsider 〈γ〉 the group generated by γ. It ats isometrially
freely and properly on R
2
. Thus R
2/〈γ〉 is a ylinder endowed with the quotient metri g¯.
The foliation G1 gives a lightlike foliation G1 whih has a losed attrative leaf. By [6℄, g¯,
and therefore g, is not geodesially omplete.
We suppose now that G1 is somewhere but not everywhere tangent to G0. It implies that
G1 has at least a ountable number of leaves in ommon with G0. Let γ′ be a translation
belonging to Γ. Repeating the same argument as above with γ′ instead of γ, we see that g
must be geodesially inomplete.
We have proved hat R
2
has no Γ-invariant geodesially omplete Lorentzian metri and
therefore that F is not a geodesially omplete Lorentzian foliation. ✷
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3 The alternative: Riemannian or Anosov
Theorem 3.1 Let F be a 1 dimensional omplete transversely Lorentzian foliation on a
ompat onneted manifold M of dimension three. Then either F is Riemannian (and thus
transversely parallelizable) or up to a nite over (in fat a 2-, 4- or 8-over) the foliation
F is given by the orbits of an Anosov ow.
Proof. Up to a 2-over, F an be supposed to be orientable, and then parametrized by
some ow ϕt. Both isotropi diretions E1 and E2 of the Lorentzian metri span eah bre
of the normal bundle ν(F) = TM/TF . They are neessarily preserved or swapped by
the dierential of the ow. Up to an additional possible 2 or 4-over (as O(1, 1) has four
onneted omponents) we also assume that the bundles E1 and E2 are eah one preserved
by the ow, and preserved with an orientation i.e. they admit non vanishing setions s1 and
s2. We dene the deformation oyle u(x, t) by:
ϕt∗(s1(x)) = e
u(x,t)s1(ϕ
t(x)) and: ϕt∗(s2(x)) = e
−u(x,t)s2(ϕ
t(x)),
where ϕt∗ denotes the ation of ϕ
t
on ν(F), and where u satises:
u(x, s+ t) = u(x, t) + u(ϕt(x), s).
The leaves of F1 are given by the ation of ϕt on Lor(F). More preisely the ation of
ϕt onM gives rise to an ation on ν(F) and then to an ation on GL(M,F) whih stabilizes
Lor(F). We will denote by ϕt∗ this ation.
The foliation F1 on Lor(F) is by denition a omplete parallelizable foliation. Therefore
by Proposition 2.6, either all leaf of F1 is preompat in Lor(F) or no leaf is.
In the rst ase we apply Theorem 2 of R. Wolak in [27℄ (in this ase the preompaity of
leaves of F1 implies the ompleteness see [26℄), it shows that the foliation F is Riemannian.
Normalizing s1 and s2 by a bundle-like Riemannian metri we have a transverse parallelism
for F .
In the seond ase we will show that the ow ϕt is Anosov with E1 and E2 (the projetions
on ν(F) of) its weak stable and unstable bundles. The idea is to show that there exists a
losed leaf of F1 in Lor(F). Using Proposition 2.6 this will imply that all leaf of F1 is
losed and using the struture Theorem of Molino (see Theorem 3.5 below) the ow ϕ will
be quasi-Anosov hene Anosov by a result of Mañe.
We will say that a ow ϕt on a ompat C∞ manifoldM is quasi-Anosov over a saturated
subset K (or that K is quasi-Anosov for ϕt) if for all vetor v ∈ ν(F) based on a point of K,
v 6= 0, the set {‖ϕt∗(v)‖, t ∈ R} is unbounded. Here ϕ∗ is the ow on ν(F) indued by the
dierential of ϕt and the foliation F is given by the orbits of ϕ. We will use the following
proposition whih is a weak version of a Theorem of Mañe ([13℄).
Proposition 3.2 Let K be a saturated onneted ompat subset of M suh that ϕ is quasi-
Anosov over K. Then K is hyperboli for ϕ.
As T. Barbot said us, the arguments of [13℄ are remarkably simplied here. So they are
worth to be reprodued to give the following, elementary proof. We thank T. Barbot for it.
Proof. By assumption, no ϕt∗-orbit is bounded. Therefore, for any x in K, there exists
a real number T (x) suh that u(x, T (x)) is bigger than 1 (apply ϕt∗ to s1(x)). Applying
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similary ϕt∗ to s2(x), we nd a T
′(x) suh that u(x, T ′(x)) is smaller than −1. By ontinuity
of u and ompatness of K we dedue the existene of some positive real number T suh
that:
∀x ∈ K, sup
|t|6T
u(x, t) > 1 and inf
|t|6T
u(x, t) 6 −1
Let us set C = sup06t6T,x∈K |u(x, t)|.
Lemma 3.3 For any real positive numbers 0 6 s 6 t, and any point x of K, we have:
min(−C,−C + u(x, t)) 6 u(x, s) 6 max(C, u(x, t) + C)
Proof. Fix t > 0, x ∈ K and denote by τ a time between 0 and t suh that u(x, τ) is equal to
sup06s6t u(x, s). By denition of T , the segment [τ −T, τ +T ] annot be ontained in [0, t].
Hene either 0 6 τ < T in whih ase we have u(x, s) 6 u(x, τ) 6 C for every 0 6 s 6 t, or
0 6 t− τ < T , in whih ase u(x, s) 6 u(x, τ) = u(x, t)− u(ϕτ (x), t− τ) 6 u(x, t) + C.
The proof of the lower bound is similar. ✷
At every point x of K, we obtain the following dihotomy:
- either u(x, t) tends to +∞ when t tends to +∞,
- or there is some inreasing sequene tn onverging to +∞ for whih u(x, tn) is uniformly
bounded from above. By Lemma 3.3, in this ase all the u(x, s), for 0 6 s, are bounded
from above.
Similarly, the u(x, s), for 0 6 s, are bounded from below or onverge to −∞. Symmet-
rially, we obtain similar statements for t onverging to −∞.
Sine the norm of eu(x,t)s1(x) annot be bounded from above for all times t, u(x, t) must
tend to +∞ for t onverging to +∞ or −∞. Furthermore, in the rst ase, u(x, t) tends to
−∞ for negative t, and in the last ase, u(x, t) tends to +∞ for negative t (Hint: onsider
e−u(x,t)s2(x)).
In other words, there is an ε(x) = ±1 suh that limt→+∞ ε(x)u(x, t) = +∞. By om-
patness of K, there is a positive real T ′ suh that ε(x)u(x, T ′) > 2 for every x. It follows,
by onnexity of K, that ε(x) does not depend on x, let us say that ε(x) = 1 everywhere.
Lemma 3.4 If there exists two reals T ′ and a suh that infx∈K u(x, T
′) > a > 0, then K is
hyperboli for ϕt.
Proof. Possibly reversing the time we an suppose that T ′ is positive.
Let C = sup06t6T ′,x∈K |u(x, t)|, it is a nite onstant. For any positive t and any point
x ∈ K, onsidering the unique integer n suh that nT ′ 6 t < (n+ 1)T ′, we observe that:
u(x, t) = u(x, T ′) + u(ϕT
′
(x), T ′) + · · ·+ u(ϕnT
′
(x), t− nT ′)
> a(n − 1)− C
> a
t
T ′
− C
> a′t+ b′ for some onstants a′, b′ with a′ > 0.
Then at x vetors in E1 are exponentially expanded in the future and exponentially
ontrated in the past. The fat that ϕ is transversely Lorentzian proves that, at x, elements
of E2 are exponentially ontrated in the future and are exponentially expanded in the past.
It is well known that suh a behavior implies the Anosov property, but sine all readers
are not supposed to be familiar with this notion, we provide here the line of the proof.
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Let E11, respetively E22, the pull bak of E1, E2, under the projetion TM → ν(F).
The exponential behavior of ϕt∗ on E1, E2 implies the hyperboli property as soon as there
are, over K, some Dϕt-invariant 1-dimensional subbundle Euu, respetively Ess, of E11,
respetively E22 transverse to F . To exhibit suh invariant subbundles, for example E
uu
,
identify the spae E of 1-dimensional subbundles of E11 omplementary of 〈X〉 = TF (X is
the vetor eld of the ow), with the spae of ontinuous funtions f on K via some splitting
E11 = 〈X〉⊕〈η〉, where η is some vetor eld: f denes a subbundle by Ef (x) = 〈f(x)X+η〉.
The ation of Dϕt on E11 is dened by funtions u(x, t) and α(x, t) suh that:
Dϕt(x, η(x)) =eu(x,t)η(ϕt(x)) + α(x, t)X(ϕt(x))
Dϕt(x,X(x)) =X(ϕt(x))
The natural ation indued by Dϕt on E denes a 1-parameter group of transformations
At of C
0(K) given by:
At(f)(x) = e
−u(ϕ−t(x),t)(f(ϕ−t(x)) + α(ϕ−t(x), t))
Sine u(x, T ) ≥ a > 0, the operator AT is ontrating on C
0(K) equipped with the sup-
norm. It admits a unique xed point f0. Sine all the At ommute with AT , f0 must be a
ommon xed point for all the At. Then, Ef0 is then the required invariant bundle. ✷
This lemma onludes the proof of Proposition 3.2. ✷
To prove the following orollary and for the end of the proof we need the:
Theorem 3.5 (P. Molino [14℄ Theorem 4.2) Let G be a omplete transversely paral-
lelizable foliation on a onneted manifold N . Then N is the total spae of a bre bundle
p : N → W on some manifold W and the losure of the leaves of G are the bres of p.
Moreover, on eah bre of p, G is a transversely Lie foliation with dense leaves.
Corollary 3.6 If ϕ is quasi-Anosov over a saturated onneted ompat subset K of M or
if there exists a losed non ompat leaf in Lor(F), then ϕ is Anosov.
Proof. We show that if ϕt is quasi-Anosov on suh a K, then Lor(F) has a losed non
ompat leaf. Then we prove that this implies that ϕt is Anosov.
By Proposition 3.2 the ompat setK is hyperboli. Therefore every leaf F 1 in pi−1(K) is
losed in Lor(F) and non ompat (reall that pi : Lor(F)→M). Indeed F 1, parametrized
by ϕt∗, tends to innity when t tends to ±∞. This means by Theorem 3.5 applied to
(Lor(F),F1), that all leaves of F1 are the bres of a bre bundle p : Lor(F)→ W . As the
foliation is given by a ow, this bre bundle beomes a R-prinipal bundle.
The appliation s : M → Lor(F), x 7→ (s1(x), s2(x)) is a non basial setion of the
prinipal bundle pi : Lor(F)→M . Using the ontinuity of the ation of R (by ϕt∗) on Lor(F),
the triviality of the bre bundle p : Lor(F)→ W (sine R is ontratible) and the ompaity
of s(M), we prove that there exists a real number T > 0 suh that ϕT∗ (s(M)) ∩ s(M) = ∅.
Then by denition of T , infx∈M |u(x, T )| = a > 0. By ontinuity we an suppose that
a = infx∈M u(x, T ). Applying Lemma 3.4 with K =M we see that ϕ
t
is Anosov. ✷
To nish we have to prove the existene of either a saturated quasi-Anosov onneted
ompat subset K of M or a losed non ompat leaf of F1, the orollary 3.6 will onlude.
If there exists a periodi orbit of ϕt in M , say L, then there exists a time T > 0 suh
that for all x ∈ L we have ϕT (x) = x and by the oyle relation u(x, nT ) = nu(x, T ) for
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all integer n. Sine by assumption {u(x, t), t ∈ R} is unbounded, u(x, T ) 6= 0 and ϕt is
quasi-Anosov over L. So we an suppose that no orbit of ϕt is periodi.
Let L1 be a leaf of F1 and suppose that the losure of L1 is tangent to a bre of pi at a
point z, hene there exists a vetor Z tangent to L1 at z and suh that dzpi(Z) = 0. We an
extend this vetor by a vetor eld Z˜ tangent to the bre and basi for F1 (see Remark 2.5).
By minimality of L1 for F1, the vetor eld Z˜ is tangent to L1 at every point. Integrating
this vetor eld by a right translation along the bres of pi we see that L1 is saturated by
the bres of pi, i.e. L1 = pi−1(pi(L1)) or equivalently pi(Lor(F) \L1) =M \ pi(L1). Sine the
projetion is open, the set pi(L1) is losed hene equal to pi(L1). Then pi(L1) is a onneted
ompat F-saturated subset of M . By Theorem 3.5, any leaf of L1 is dense in L1 hene for
all x in pi(L1) the set {u(x, t), t ∈ R} annot be bounded from above or from below. This
means that pi(L1) is quasi-Anosov for ϕt.
Otherwise the losure of L1 is everywhere transverse to the bres of pi, we an suppose
that it is true for all leaf of F1. There are three ases aording to the dimension of L1.
If dimL1 = 1 the leaf L1 is losed and non ompat, we are done.
If dimL1 = 2, then we use the fat that F1 restrited to if L1 is a G-Lie foliation where
G is a simply onneted Lie group of dimension 1 hene equal to R. The developing map
is omplete, i.e. it is a loally trivial bre bundle, this omes form the ompleteness of the
transverse parallelism of F1. As moreover the leaves are simply onneted, the holonomy
morphism ρ from pi1(L1) to R is injetive. This implies that pi1(L1) is abelian. Now sine L1
is a non ompat surfae, pi1(L1) is a free group (this omes from the fat that a non ompat
surfae has a proper Morse funtion, bounded from below and without loal maximum see
[20℄). Therefore pi1(L1) is equal to Z. But as L1 is minimal, ρ(pi1(L1)) ∼= Z must be dense
in R. This is impossible.
If dimL1 = 3, as L1 is transverse to the bres, pi(L1) is open in M . But this holds
for all losures of leaves of F1. Hene pi(L1) is open and losed in M , whih is onneted,
so M = pi(L1). As L1 is non ompat, pi|
L1
is not injetive, i.e. there is a point z ∈ L1
and a g ∈ SO0(1, 1), g 6= Id, suh that z.g belongs to L1. This implies that, for all integer
n, the equality L1gn = L1. So, as before, by minimality for all x in M = pi(L1) the set
{u(x, t), t ∈ R} is bounded neither from above nor from below. This preisely saying that
the ow ϕt is quasi-Anosov and Anosov (by Proposition 3.2). But this implies that all leaves
of F1 are losed and non ompat. Finally this ase is impossible too. ✷
4 Classiation
4.1 Anosov ows preserving a volume form are algebrai, after Ghys
In [9℄, É. Ghys proves that, on ompat 3-manifolds and up to onjugation by a C∞-
dieomorphism, the Anosov ows the weak stable and unstable distributions of whih are
C∞ and whih preserve a volume form (notie that those properties does not depend on
their parametrization, so are properties of the foliation) are exatly the algebrai Anosov
ows i.e. the nite overings and the nite quotients of the following:
• the geodesi ows of the unit tangent bundle of the hyperboli ompat surfaes,
• the suspensions of the linear hyperboli dieomorphisms A of the 2-torus (those give
rise to a manifold denoted by T
3
A).
Notie that both are transversely Lorentzian the rst ones with onstant nonvanishing
transverse urvature (positive or negative, it amounts to the same as the signature of the
metri is (1, 1), neutral), the seond ones with a at Lorentzian metri.
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Theorem 4.1 Up to nite over, a 1-dimensional transversely omplete Lorentzian folia-
tion on a ompat 3-manifold is either smoothly equivalent to an algebrai Anosov ow or
Riemannian.
Proof. The only thing we still have to prove is the ompleteness of an algebrai Anosov
ow in the sense of denition 2.4. This follows by the proposition 2.8. ✷
4.2 With Carrière's work: the detailed panorama
Finally, using Carrière's lassiation, provided in [4℄, of the Riemannian ows on the om-
pat 3-manifolds, we detail the desription of the foliations of Theorem 3.1, in the ase they
are at one Lorentzian and Riemannian. This provides this last statement:
Theorem 4.2 Up to onjugation by a dieomorphism, the 1-dimensional transversely om-
plete Lorentzian foliations of the ompat 3-manifolds are:
(a) Up to a possible 2-, 4- or 8-overing, the algebrai Anosov ows on T3A and on the unit
tangent bundle of the ompat hyperboli surfaes,
(b) The simultaneously Riemannian and Lorentzian ones. Up to a possible 2- or 4-overing,
those are the parallelizable foliations of the ompat 3-manifolds, whih are, up to a possible
orientation 2-overing:
(i) the linear ows on a 3-torus,
(ii) the ows dened by the bres of a irle bundle over the 2-torus,
(iii) the ows dened by the stable (resp. unstable) diretion of the suspension of a linear
hyperboli dieomorphism of the 2-torus.
Of ourse, ategories (b) (i) and (b) (ii) have a nonempty intersetion.
Proof. We rst reall that a transversely Lorentzian and Riemannian foliation on a ompat
manifold is transversely omplete Lorentzian (see remark 2.5). Moreover, up to a possible
2- or 4-overing, foliations of odimension 2 and at one Riemannian and Lorentzian are
parallelizable. Indeed, the bundle of transverse frames whih are Riemannian orthonormal
and Lorentzian orthogonal is a overing with bre SO(2,R) ∩ O(1, 1) ≃ (Z/2Z)2. As in
laim 2.2, the lift of F to this bundle is transversely parallelizable. Conversely, a paralleliz-
able foliation preserves many pseudo-Riemannian or Riemannian metris: take a transverse
parallelism and say it is a (pseudo-)orthonormal basis.
Now we are left with lassifying the parallelizable 1-dimensional foliations. Taking again,
if neessary, a 2-over we an assume the foliation to be orientable. A dimension 1 orientable
foliation is usually alled a ow yet without onsidering any parametrization. Instead of
simply using Y. Carrière's lassiation of the Riemannian ows on the ompat 3-manifolds
(see [4℄ part III A), we pik up the relevant parts of his proof to ahieve the desired list.
Here is Carrière's ground theorem, from whih follows his lassiation.
Theorem 4.3 (Y. Carrière, [4℄ II.C, Theorems 3+2) The losures of the leaves of a
Riemannian ow F are tori, on whih F indues a dense linear ow.
Remark. In the very speial ase of a parallelizable ow, in whih we are interested, this
result follows immediately from (a more omplete version of) the Molino theorem 3.5 and
from a result of Carrière's thesis (see [4℄, part II.C, Theorem 1).
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So let F be a parallelizable ow on a ompat 3-manifold. After the Molino Theorem
3.5, the losure of its leaves have a ommon dimension and are bres of a bration on some
ompat manifoldW . After Theorem 4.3, these bres are tori and the study splits into three
ases aording to their dimension.
1. There is a dense leaf of F . Then F is a dense linear ow on the 3-torus. Conversely,
suh a ow is immediately parallelizable. This is the ase (b) (i) of Theorem 4.2.
2. All the leaves of F are losed. Then M is a irle bundle over a losed surfae W .
Sine F is transversely Lorentzian, W admits some Lorentzian metri and thus it must be a
2-torus (F is transversely orientable). In this ase, the leaves of F are dened by the bres
of a loally trivial bration by irles over the 2-torus. Conversely, the foliation dened by
suh a bration is automatially parallelizable. This is the ase (b) (ii) of Theorem 4.2.
3. The losure of any leaf of F is a 2-torus. Then M is a torus bundle over a ompat
1-manifold, thus over the irle. Suh a bundle is obtained by onsidering the produt
T
2 × [0, 1] and gluing the tori T2 × {0} and T2 × {1} by some dieomorphism ϕ of T2. On
eah bre T
2 × {s}, the ow F indues a linear ow of irrational diretion ∆s. But sine
∆s must be ontinuous in s, this diretion is atually onstant; we denote it by ∆. Thus
ϕ lets the diretion ∆ invariant. By Lemma I.B.5 of [11℄, ϕ is in fat isotopi to a linear
dieomorphism A of T2, through an isotopy ϕt suh that for all t ∈ [0, 1], ϕt preserves the
diretion ∆. Our ow F is then smoothly onjugated to the ow indued by the translation
of diretion ∆ on the manifold T3A. Now a matrix A of SL2(Z) preserving an irrational
diretion is either the identity or an hyperboli matrix.
If A = Id we are again in the ase (b) (i) of theorem 4.2. Else, ∆ is the stable or the
unstable diretion of A and we are in the ase (b) (iii). It remains to hek that any ow
of that last type is parallelizable. In fat, it is even transversely a Lie ow, modeled on the
ane group AG(1,R) (see for instane [4℄ I.D. example 6). Thus any left-invariant frame
on AG(1,R) yields a transversely invariant frameeld. ✷
4.3 Isometri foliations
Among transversely Lorentzian 1-dimensional foliations take plae, in partiular, those given
by nowhere vanishing spaelike Killing elds: the invariant metri of the manifold gives an
invariant transverse metri on (TF)⊥, anonially identied with ν(F). So let us dene:
Denition 4.4 A transversely (pseudo-)Riemannian ow is alled isometri if it admits a
Killing parametrization for some bundle-like metri on the manifold.
We have the following natural haraterization, see [4℄ Proposition III.B.1.
Proposition 4.5 A transversely pseudo-Riemannian ow is isometri if and only if it ad-
mits a parametrization whih preserves a odimension 1 transverse distribution.
Moreover an algebrai Anosov ow has smooth strongly stable and unstable distributions.
Hene it preserves the distribution spanned by them and it is isometri. This proposition
shows also that a ow whih is both Lorentzian and Riemannian is Lorentzian isometri if
and only if it is Riemannian isometri. Thus, thanks to [4℄ orollary III.B.4, we see that
the only non isometri transversely omplete Lorentzian ows on ompat 3-manifolds are
of type (b) (iii). Atually the nowhere vanishing spaelike Killing elds of 3-dimensional
manifolds have been lassied by A. Zeghib in [29℄. It turns out that they all generate
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transversely omplete Lorentzian foliations. It means that the examples given in setion 6
are not isometri.
5 The geodesially omplete totally geodesi timelike folia-
tions in dimension 3
Let us rst speify what is a totally geodesible foliation of a pseudo-Riemannian manifold.
Denition 5.1 Let G be a odimension 1 foliation on a manifold M . The foliation G is
said to be geodesible if there exists a pseudo-Riemannian metri for whih the leaves of G
are totally geodesi submanifolds, i.e. any geodesi of the metri starting tangentially to a
leaf stays in the leaf.
In Riemannian geometry it is well known that a transversely oriented odimension 1 foliation
is geodesible if and only if it is transverse to a Riemannian ow. It is the starting point of
the lassiation given by Y. Carrière and É. Ghys, in [5℄ for 3-dimensional manifolds and
in [8℄ in any dimension. We will see that the Lorentzian analog is less general.
The signature of the restrition of the metri to some totally geodesi, onneted sub-
manifold N is onstant, as any tangent spae TxN is stable by parallel transport along any
path drawn on N . Thus, there exist three types of totally geodesi onneted hypersurfaes
in a Lorentzian manifold. They an be timelike, spaelike, or lightlike if this restrition
is respetively Lorentzian, Riemannian, or degenerate. Hene we an talk about spaelike,
timelike and lightlike totally geodesi foliations if all their leaves are of this type. (In general
however, there may be leaves of eah type, see [28℄ and [15℄). The spaelike ase is exatly
the same as when M is Riemannian and is lassied. The lightlike one has been prinipally
studied by A. Zeghib in [30℄ (see also [15℄) but a lassiation is only onjetured. In the
general ase a lassiation is out of reah for the moment (f. [15℄). Here we will look at
the timelike ase and to begin this study we speify the denition.
Denition 5.2 Let G be a odimension 1 foliation on a manifold M . The foliation G is
said to be timelike geodesible if there exists a Lorentzian metri g for whih the leaves of G
are totally geodesi, timelike submanifolds.
We state the following fat, the proof of whih is exatly the same as the Riemannian one
(see [5℄).
Proposition 5.3 A smooth transversely oriented odimension 1 foliation is timelike (resp.
spaelike) totally geodesible if and only if it is transverse to a transversely Lorentzian (resp.
Riemannian) ow.
Or more preisely:
Proposition 5.4 Let (M,g) be a Lorentzian manifold. A smooth odimension 1 timelike
(or spaelike) foliation G is totally geodesi if and only if g is bundlelike for the foliation
generated by its orthogonal distribution.
As we said, we restrit ourselves to smooth timelike totally geodesi foliations. They are not
the only ones but they still represent an important and interesting family. Moreover they
are denitely related to Lorentzian ow. We further restrit to the geodesially omplete
ase i.e. when the geodesis tangent to the foliation are all omplete. Thanks to proposition
2.8 and 5.3 and theorem 4.2 we an state:
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Corollary 5.5 Let G be a totally geodesi omplete odimension 1 foliation on a losed
3-manifold M . Then, up to nite over, one of the following situations ours:
1. The manifold M is a irle bundle over the torus and G is transverse to the bres.
2. The foliation G is transverse to the strong (un)stable diretion of a ow dened by the
suspension of a linear hyperboli dieomorphism of the 2-torus.
3. The foliation G is transverse to an algebrai Anosov ow.
Proof. By Proposition 5.3 our foliations are transverse to a Lorentzian ow, moreover this
ow is neessarily transversely omplete by proposition 2.8. So Theorem 4.2 gives more or
less the list. The only thing is to notie that if G is transverse to a translation ow on a
torus with irrational slope it is also transverse to a translation ow with rational slope. ✷
There exist foliations satisfying 1. 2. or 3.; they are atually all timelike geodesible
but it is not true that they an all be realized as geodesially omplete timelike totally
geodesi foliations. The rst and seond ases orrespond to both spaelike and timelike
totally geodesible foliations. Thus they have been studied by Y. Carrière and É. Ghys
in [5℄. In the rst ase the foliations are given by the suspensions of pairs of ommuting
dieomorphisms of the irle. We will see that they an be realized as geodesially omplete
timelike totally geodesi foliations. We will not try to lassify them. In the seond ase,
Y. Carrière and É. Ghys showed that the foliations have no ompat leaves and therefore,
using [11℄, are dieomorphially onjugated to the weak stable or unstable foliation of the
Anosov ow. We have seen in subsetion 2.2 that even if they are transversely omplete,
the strongly stable and unstable foliations of the Anosov ow obtained by suspension do
not have any geodesially omplete bundle-like metris. This onstrution will not give
geodesially omplete timelike totally geodesi foliations.
We are going to desribe the foliations transverse to an algebrai Anosov ow i.e. either
to the geodesi ow of a hyperboli surfae Σ, and the ambient manifold is the unitary
tangent bundle T1Σ, or the ow given by the suspension of an hyperboli dieomorphism of
the torus A, and the ambient manifold is the torus bundle over the irle with monodromy A
lassially denoted by T
3
A. Of ourse those ows are just onsidered as oriented 1 dimensional
foliations. In what follows F will denote one of the algebrai Anosov ows and G will denote
a odimension 1 foliation transverse to F .
We are going to prove the following proposition :
Proposition 5.6 A odimension 1 foliation G is transverse to an algebrai Anosov ow if
and only if it is one of the following.
1. It is onjugated to the weak stable or unstable foliation of an algebrai Anosov ow.
2. M = T3A and G has a ompat leaf and is without Reeb nor type II omponents.
To be able to give the denition of a type II omponent, we have to reall the onstrution
of the two fundamental lasses of examples of odimension 1 foliations on T2× [0, 1] tangent
to the boundary, (f. the work of R. Moussu and R. Roussarie [16℄).
We start with a foliation on the annulus S
1 × [0, 1], invariant by rotation, tangent to
the boundary and without ompat leaves in the interior. There are two possibilities: this
foliation is given by the suspension of a dieomorphism of the interval without xed point
in the interior, or it is a Reeb omponent. Now let us onsider the produt foliation on the
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annulus times [0, 1] and at last let us glue both sides of this produt after some rotation. We
obtain this way two families of foliations on T
2× [0, 1] tangent to the boundary and without
ompat leaves in the interior. Aording to the hoie of the rotation the nonompat leaves
are all ylinders or all planes.
Those foliations an also be obtained by the following 1-forms on T
2 × [0, 1]
Ω1 = dr + ϕ(r)ω and Ω2 = (1− 2r)dr + ϕ(r)ω
where r ∈ [0, 1], ω is a linear form on the torus and ϕ is a smooth funtion suh that
ϕ(0) = ϕ(1) = 0 and ϕ(r) > 0 if 0 < r < 1. Consequently we denote them G([ω], 1) and
G([ω], 2).
We dene another lass of foliations. We start from the foliation G([ω0], 2) where the
form ω0 denes a trivial foliation by irles on T
2
(i.e. where the rotation is the identity
and of ourse the leaves of G([ω0], 2) are ylinders). There exists an orientation preserving
dieomorphism of order 2, without xed points whih permutes the onneted omponents
of the boundary and preserves the foliation. When we take the quotient we obtain a foliation
on a manifold with boundary T
2
foliated by ylinders aumulating on the boundary. In
fat the manifold is the non trivial bre bundle over the Klein bottle by [0, 1] (see [22℄ for
details). Suh a foliation will be alled a ylindrial omponent.
Now we an set the following denition.
Denition 5.7 A foliation will be alled a omponent of type II if it is topologially on-
jugated to a foliation G([ω], 2) (i.e. obtained from a Reeb omponent on an annulus) or to a
ylindrial omponent.
This denition is very lose from the denition p. 104 of [22℄ but we do not ask the
foliations to be with ylinder leaves.
Denition 5.8 An embedded surfae S of a 3-manifold M , not dieomorphi to a 2-sphere,
will be alled inompressible if the map pi1(S)→ pi1(M) is injetive.
We reall that the Novikov theorem says that a odimension 1 foliation on a ompat
3-manifold has a ompressible leaf if and only if it ontains a Reeb omponent. Now we an
start the proof of proposition 5.6.
Proof of proposition 5.6. Let us onsider a foliation G transverse to an algebrai Anosov
ow and prove that it is in ase 1. or 2. We have seen in 4.1 that a transverse metri preserved
by an algebrai Anosov ow F has onstant urvature  it omes from the fat that F has
a dense orbit. If F is a suspension ow the transverse metri has to be at and if F is a
geodesi ow the metri is with non zero onstant urvature (as seen in 4.1, its sign has no
meaning on a 2 dimensional Lorentzian manifold).
Moreover if L is a ompat leaf of G, it is Lorentzian, so has to be a torus or a Klein
bottle. But by the Gauss-Bonnet-Avez theorem (see [1℄) it annot be endowed with a metri
with non vanishing urvature. Hene a foliation transverse to the geodesi ow has no
ompat leaves. Consequently we an use the work of É. Ghys [10℄ and see that G is then
onjugated to the weak stable foliation of F .
We still have to onsider the suspension ase. If G has no ompat leaves then aording
to [11℄ it is onjugated to either the weak stable, or unstable, foliation of F . Suppose now
that the foliation has a ompat leaf L.
Fat 5.9 The foliation G ontains neither Reeb nor type II omponents.
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Proof. The rst point is to know if a ompat leaf L an separate the manifold, i.e. is
T
3
A \ L onneted ?
Lemma 5.10 A ompat leaf L of G annot separate T3A.
Proof. Suppose that L separates the manifold into two manifolds M1 and M2. As the
Anosov ow is a ow, thus oriented, all its orbits utting L go, for example, fromM1 toM2.
Thus any orbit of F utting L is trapped in M2. This is in ontradition with the fat that
an algebrai Anosov ow possesses a dense set of losed orbits. ✷
Lemma 5.10 implies that G has no Reeb nor ylindrial omponents. We still have to
prove that G does not ontain some omponent topologially onjugated to some G([ω], 2).
Taking again a possible nite over we assume the Anosov ow transversely oriented. As the
orientation of the ompat leaves of suh a foliation are opposite, suh a omponent admits
no transverse path joining its two ompat leaves. As an algebrai Anosov ow has a dense
leaf it annot be transverse to it. ✷
Remark 5.11 Fat 5.9 atually just says that the foliation G is taut, i.e. every ompat
leaf admits a losed transversal. Moreover a foliations is taut if and only if there exists a
metri (a priori Riemannian) for whih the leaves are minimal surfaes (see [24℄). Hene
Riemannian totally geodesi foliations are taut but it an be verify that timelike totally
geodesi foliations are as well taut and fat 5.9 is true for these foliations.
We are done with the diret part of Proposition 5.6. Let us now onsider a foliation G
as in point 1. or 2. of Proposition 5.6. Taking a possible 2 over we assume that both F and
G are oriented.
If G is as in point 1., we notie that the pull-bak of the Anosov ow by the ow of a
strong unstable (resp. stable) vetor eld is transverse to it and of ourse still Anosov.
If G is as in point 2., it is a foliation on T3A without Reeb nor ylindrial omponents
but with a ompat leaf; it follows from theorem 2.1 of [12℄ that the ompat leaf an not
separate the manifold. Hene if we ut along it we obtain a foliation on a manifold with
inompressible by the Novikov theorem and as G ontains no Reeb omponent, non
onneted boundary , i.e. T
2 × [0, 1], aording to theorem 4-2 of [7℄.
Using the fat that the leaves are inompressible tori and reproduing the beginning of
the proof of Theorem 2 in [16℄, we see that G is isotopi to a foliation G′ whose ompat
leaves are bres of the bration of T
3
A on S
1
. We use now Theorem 1 of [16℄ in the following
form.
Theorem 5.12 (R. Moussu and R. Roussarie) Let G be a foliation on T2 × [0, 1] tan-
gent to the boundary and without ompat leaves in the interior. Then there exists a home-
omorphism of T
2× [0, 1] xing the boundary whih sends the foliation G to a model foliation
G([ω], 1) or G([ω], 2).
If follows from this theorem that there exists a homeomorphism of T
3
A whih sends G trans-
versely to the natural Anosov ow of T
3
A. As being transverse is an open property and as
for 3-dimensional manifolds (see [17℄) the set of dieomorphisms is dense inside the set of
homeomorphisms, we see that there is atually a dieomorphism sending G transversely to
the Anosov ow. This ompletes the proof of Proposition 5.6. ✷
We are going to prove now that the stable or unstable foliation G of an algebrai Anosov
ow is never timelike totally geodesi and geodesially omplete. Aording to Corollary
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5.5 and the result of subsetion 2.2, the only ase left we have to deal with is when G⊥
is an algebrai Anosov foliation we denote by F . As the weak (un)stable foliations of two
algebrai Anosov foliations on some manifoldM are onjugated, we take ϕ a dieomorphism
of M suh that G = ϕ(G′) with G′ the weak (un)stable foliation of F . The foliation F has
a unique transverse Lorentzian (G,X) struture. Indeed, the lightlike foliations of F are its
weak stable and unstable foliations: this determines the onformal lass of the transverse
Lorentzian metri. Moreover F has dense leaves, so this metri is unique up to a salar
fator and has onstant urvature. The transverse model spae X is then the Minkowski
plane or the universal over of the two dimensional de Sitter spae. It means that the lift
of F to the universal over M˜ of M is given by the preimages of a submersion δ from M˜
to X alled the developing map. As F is onjugated to an algebrai Anosov ow and as its
transverse (G,X) struture is unique, this struture is onjugated to that of the algebrai
ow, whih is omplete (see [9℄), that is to say, δ is a loally trivial bration with bre R.
The restrition of δ to the lift L˜ of a leaf of G gives it a (G,X)-struture. If G is
geodesially omplete then the restrition of δ of F to L˜ is a dieomorphism. It means that
the ouple (F ,G) must lift to the universal over as a produt foliation. We are going to
prove that this last point is not possible.
As G = ϕ(G′) with G′ the weak (un)stable foliation of F , G has a ylindrial leaf L0 =
ϕ(L′0). The lift L˜
′
0 of L
′
0 to M˜ is a plane ontaining the lift of a ompat leaf of F , so is
invariant by an element γ ∈ pi1(M) sent by the holonomy representation ρ to an isometry
ρ(γ) of X having a xed point. Now the lift L˜0 of L0 on M˜ is xed by ϕ˜
−1 ◦ γ ◦ ϕ˜ = γ,
as the lift ϕ˜ of ϕ to M˜ ommutes with the ation of pi1(M). Eventually, as δ|L˜0 : L˜0 → X
onjugates the ation of γ and of ρ(γ), γ ∈ pi1(M) xes a point in L˜0 ⊂ M˜ , whih is
impossible. It means that G an not be timelike totally geodesi and geodesially omplete.
The last point is to prove that the other ases are geodesially omplete. This is done
by notiing that, in those ases, the ouple (G,F) lifts to the universal over as a produt
and that F possesses a Lorentzian and geodesially omplete transverse (G,X)-struture.
Remark 5.13 Atually those two onditions are neessary and suient. The main step
to prove it is the following theorem proved in [21℄ by R. Ponge and and H. Riekzigel.
Theorem 5.14 (R. Ponge and H. Riekzigel) If a timelike totally geodesi odimen-
sion 1 foliation G is geodesially omplete then the pair of foliations G and G⊥ lifts to the
universal over as a produt.
In partiular this theorem says that the orthogonal foliation of a geodesially omplete
timelike odimension 1 foliation possesses a omplete Lorentzian (G,X)-transverse struture.
But to have a reiproal we have to ask the Lorentzian manifold X to be geodesially
omplete.
Setting together what we just showed with Corollary 5.5 and Proposition 5.6 we obtain
the following theorem:
Theorem 5.15 Up to a nite over the geodesially omplete timelike geodesible odimen-
sion 1 foliations of the losed 3 dimensional manifolds are:
1. The foliations of the irle bundles over the torus, transverse to the bres.
2. The foliations on T
3
A with a ompat leaf but without Reeb nor type II omponents.
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By the way we showed also the following little result, announed after Denition 2.7.
Proposition 5.16 The algebrai Anosov ow F of T3A admits some bundle-like Lorentzian
metris suh that TF⊥ is geodesially omplete and some others suh that it is not.
Remarks:
1. In the seond ase the proof gives a desription of the foliations. They ontain a
ountable number of G([ω], 1) omponents (with possibly dierent ω's) and a losed set of
toral leaves. Moreover, up to a nite over, irle bundles over the torus are also torus
bundles over the irle. Hene in the rst ase of theorem 5.15, the foliations having a
ompat leaf do have the same desription but we have to onsider also the foliations by
planes and by ylinders.
2. As we saw, a transversely Lorentzian ow F on a 3-manifold M is always (after a pos-
sible 2-over) given by the intersetion of two transverse odimension 1 foliations G1 and G2.
Hene a Lorentzian totally geodesi foliation G together with those two foliations form what
is alled a total foliation: (G,G1,G2), i.e. at any p ∈M , (TpG)
⊥⊕(TpG1)
⊥⊕(TpG2)
⊥ = T ∗pM .
What about the onverse ? Atually, we an give a Lorentzian geometri interpretation for
G to be part of a total foliation of M . We reall that a dieomorphism of a Lorentzian
manifold (M,g) is onform if and only if it preserves the lightone of g. Therefore, up to
a 2-over, we see that a dimension 1 foliation on a 3-manifold is transversely onformally
Lorentzian if and only if it is given by the intersetion of two transverse odimension 1 folia-
tions. As a odimension 1 foliation is umbilial (i.e. its leaves are umbili for a metri of the
manifold) if and only if it is transverse to a transversely onformal ow (adapt the argument
given in [5℄, Prop I.3), we have that a odimension 1 foliation G is umbilial with timelike
leaves for some Lorentzian metri if and only if there exist two odimension 1 foliations G1
and G2 suh that (G,G1,G2) is a total foliation of M .
3. There exists other timelike totally geodesi foliations on losed 3-manifolds: The
foliations transverse to Lorentzian ows whih are not transversely omplete. We will give
suh an example page 21. It is not lear for the moment if it will be possible to lassify them.
If we remove the hypothesis of ompleteness, the only thing we know is that the foliations
are taut whih is a weaker property. But it has interesting onsequenes. For example, as
a taut foliation has no Reeb omponents we know that the manifold is overed by R
3
. We
an also notie that the taut foliations on torus bundles over the irle are the foliations of
orollary 5.5. Hene they are all timelike totally geodesi. It means that we know all the
timelike totally geodesi foliations of those manifolds.
6 Non transversely omplete Lorentzian ows
6.1 The examples
We are going to give the simplest example we know of a non transversely omplete Lorentzian
ow. We will shortly say how to produe new examples from this one. We rst onstrut it
as a transversely onformally Lorentzian at foliation and show that it is Lorentzian. For a
learer exposition, we replaed, when it was possible, tehnial details by drawings. A more
preise and systemati studies will be done in a foreoming paper.
The torus RP1 × RP1 endowed with the metri dθ dϕ is alled the Einstein torus and
will be denoted by Ein2. Its main partiularity is the size of its onformal group: it is
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a nite index extension of Di(S1)×Di(S1). This implies that being only a transversely
onformally Lorentzian at odimension 2 foliation is too general for us.
But the topologial group Di(S1)×Di(S1) ontains PSL(2,R)×PSL(2,R) as a Lie sub-
group. Thus we will rather onstrut our example among the foliations admitting a trans-
verse (PSL(2,R)× PSL(2,R),RP1×RP1)-struture. We will all them transversely Einstein
foliations. We reall that suh foliations are dened by an equivariant submersion D, alled
the developing map, from the universal over of the ambient manifold M to the Einstein
torus. Moreover, this submersion must be equivariant ie there exists a morphism ρ from
the fundamental group of M to PSL (2,R)× PSL (2,R) suh that D ◦ γ = ρ(γ) ◦D for any
γ in the fundamental group. Sometimes the universal over is replaed by an intermediate
overing alled the holonomy over, this will be the ase here.
Let us begin the onstrution. We denote by Σ2 the ompat orientable surfae of genus
two. In order to nd a submersion from Σ2 × R to the Einstein torus, we rst onsider
a projetion P = (P1, P2) from Σ2 to Ein2. We an easily nd P suh that the image of
Σ2 is given by gure 1 and that any point in the interior of the image is regular (and has
two preimages). We onsider now a hyperboli element A of PSL(2,R). There exists an
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element a of sl(2,R) suh that A = exp a. In a well hosen parametrization of RP1 × RP1,
and denoting by A+ and A−, respetively, the attrative and repulsive points af A, the
orbits of exp(ta)× exp(−ta) on Ein2 are the dotted urves of g. 2. We an now dene our
submersion:
Σ2 × R −→ Ein2
D : (x, t) 7→ (exp(ta)(P1(x)), exp(−ta)(P2(x)))
It is a submersion at any point (x, t) with P (x) in the interior of P (Σ2), the grey zone in
Figure 1. It is also a submersion if P (x) is in the one-dimensional manifold C forming the
boundary of P (Σ2). Indeed, on the one hand, dD(x, t).(TxΣ2 × {0}) = TP (x)C, and on the
other hand, as the orbits of exp(ta) × exp(−ta) are transverse to C, dD(x, t).({0} × R) is
transverse to TP (x)C, this gives result. The transformation (x, t) 7→ (x, t + 1) is onjugated
by D to the transformation (A,A−1) whih lies in PSL(2,R)×PSL(2,R). Hene the bres
of D go down to Σ2 × R/Z ≃ Σ2 × S
1
and dene on it a transversely Einstein foliation.
The image of D, denoted by U , is Ein2 deprived of the vertial irle {A−} × RP
1
,
ontaining the repulsive point q = (A−, A+), and of the attrative point p = (A+, A−). In
order to prove that D denes atually a Lorentzian foliation we have to nd a metri on U
preserved by (A,A−1). This will be done by nding UA the biggest subset of Ein2 on whih
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(A,A−1) ats isometrially and proving that U is inluded in UA. The points p and q are
the attrative and repulsive xed points of (A,A−1) so they do not belong to UA.
Fat 6.1 Let A be a hyperboli element of PSL(2,R) and let p and q be the attrative and
repulsive xed points of (A,A−1) ating on RP1 × RP1. There exists a Lorentzian metri
(in the onformal lass of the Einstein metri) on RP1×RP1 \{p, q} preserved by (A,A−1).
Proof. Let us rst onsider the following map:
R
2 −→ R/piZ× R/piZ
ψ : (x, y) 7→ (arctan x, arctan y)
This map is a dieomorphism on its image and it provides a onformal embeding of the
Minkowski 2-spae into the Einstein torus minus two lightlike irles. More preisely
(ψ−1)∗ dx dy =
dθ dϕ
cos2 θ cos2 ϕ
.
Without any loss of generality we an suppose that there exists λ 6∈ {0, 1} suh that
fA(x, y) =
(
ψ−1 ◦ (A,A−1) ◦ ψ
)
(x, y) = (λx,
1
λ
y)
and so leaves the metri dx dy invariant. It is easy to see that fA leaves invariant any metri
of the kind α(xy)dx dy, where α : R→ R does not vanish. In partiular fA leaves invariant
the metri g0 =
1
1+x2y2
dx dy, but
(ψ−1)∗
1
1 + x2y2
dx dy =
dθ dϕ
cos2 θ cos2 ϕ+ sin2 θ sin2 ϕ
.
This metri, a priori only dened on ψ(R2), extends to RP1 × RP1 \ {p, q}. Moreover, as
ψ(R2) is dense in RP1 ×RP1 \ {p, q} the metri is preserved by (A,A−1). ✷
Clearly U is inluded in UA, hene D denes a Lorentzian foliation on Σ2 × S
1
. We denote
it by F . Let us remark that F has the following interesting properties: it is Lorentzian,
transversely Einstein and radial (i.e. its holonomy xes a point).
Let us tell now how to make more ompliated examples from this one. First of all we
an take Πˆ : Σ̂→ Σ2 a nite over and ompose D by Πˆ. But we an do better, let us take
θ a losed 1-form on Σ̂. Its pull-bak Π˜∗θ on the universal over Σ˜ is exat and therefore
there exists a funtion Θ suh that it is equal to dΘ. We an replae the map D by Dθ
dened by
Σ˜× R −→ Ein2
Dθ : (x, t) 7→
(
exp((t+Θ(x))a)(P1 ◦ Π˜(x)), exp(−(t+Θ(x))a)(P2 ◦ Π˜(x))
)
.
Those maps dene a whole family of radial, transversely Einstein, Lorentzian foliations Fθ
on Σ̂. They depend on the ohomology lass of θ. Indeed, if θ′ = θ + df with f a funtion
of Σ̂, the hange of variable t′ = t + f(x) onjugates the foliations. It will be shown in a
further work that this family ontains a lot of examples not onjugated with eah other.
Let us desribe now the dynamis of F . On gure 3, we draw the piture of F restrited to
W×S1, whereW is a maximal open set of Σ2 on whih the projetion P is a dieomorphism.
The set W is dieomorphi to a dis with two holes and Σ2 × S
1
is atually given by two
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opies of W × S1 glued along their boundaries B1 × S
1
, B2 × S
1
, B3× S
1
. We note that the
B′is are irles. On gure 3, the vertial segments represent irles. We see that F restrited
to W × S1 has only one losed leaf with nontrivial holonomy. On Σ2 × S
1
we have two
interesting tori T1 and T2 given by the gluing of the dotted annuli of the piture, equal to
P−1({A+} ×RP
1)× S1 and P−1(RP1 ×{A+})× S
1
. Restrited to eah of these tori F is a
Reeb foliation with two losed leaves. Finally, we an see that the leaves of F not inluded in
T1 ∪ T2 are ompat. As equiontinuity is a deliate notion for foliations, admitting slightly
dierent, and non-equivalent, denitions, we give the denition we onsider.
Denition 6.2 Let F be a 1-dimensional foliation on a ompat manifold M . Taking pos-
sibly a 2-over of M , the leaves of F are the orbits of a ow ϕ without xed point. We say
that F is (uniformly) equiontinuous on an open F-saturated subset U if {(ϕt)|U , t ∈ R} is
an (uniformly) equiontinuous set of dieomorphisms of U .
The foliation F restrited to (Σ2 × S
1) \ (T1 ∪ T2) is transversely parallelizable and so
in partiular equiontinuous. Moreover, (Σ2 × S
1) \ (T1 ∪ T2) is an union of F-saturated
open subsets, preompat in it, and on whih F is uniformly equiontinuous. Conversely
on the Ti's the foliation is nowhere uniformly equiontinuous. So the open dense subset
(Σ2 × S
1) \ (T1 ∪ T2) is the domain of equiontinuity of F . This kind of behaviour is not
possible for an isometri ow (see for example setion 3 of [29℄) therefore this foliation is not
isometri. Atually the isometri Lorentzian foliations of 3-manifolds are known, see [29℄,
and are all transversely omplete. We do not give any proof that the dynamis of F is as
drawn on the piture but it an be heked by the reader.
To onlude we onstrut a odimension 1 foliation transverse to F . We onsider rst
the odimension 1 foliation G0 of W × S
1
whose leaves are the W × {t}. This foliation is
transverse to F exept along the Bi × S
1
's where it is everywhere tangent. Then we spin
G0 along the three tori of the boundary (see [3℄ p. 84 for example). We do this spinning
upwards along B3 × S
1
and downwards along B1 × S
1
and B2 × S
1
in order to remain
transverse to F . We obtain a foliation G1 on W × S
1
, tangent to the boundary, everywhere
transverse to F , and whose holonomy along the toral leaves has a trivial Taylor development.
Consequently it is possible to glue two opies of (W × S1,G1) along their boundary. The
obtained foliation G is a smooth odimension 1 foliation, transverse to F , with three toral
leaves on Σ2×S
1
. Aording to proposition 5.3 there exists a Lorentzian metri on Σ2×S
1
for
whih G is timelike totally geodesi. This is the example announed at the end of setion 5.
As the orthogonal of G is not transversely omplete, its leaves are not geodesially omplete.
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However it an be heked that the 3 ompat leaves are geodesially omplete beause they
are in the onformal lass of a at torus (see [6℄). A similar onstrution is possible for the
foliations Fθ.
6.2 A result without any assumption of ompleteness
Up to a nite over, a odimension 2 Lorentzian foliation is given by the intersetion of
two odimension 1 foliations, alled its lightlike foliations. In the 3 dimensional ase, it is
natural to wonder if those lightlike foliations may ontain Reeb omponents. We prove the
following.
Proposition 6.3 Let M be a losed 3-manifold. Let F be a foliation of M given by the
intersetion of two odimension 1 foliations G1 and G2. If G1 ontains a Reeb omponent
then F has no transverse volume form and therefore is not Lorentzian.
Proof. This is a diret onsequene of the results of I. Tamura and A. Sato [25℄ about
foliations transverse to a Reeb omponent. They proved that suh a foliation must ontain
a half Reeb omponent. It is not hard to see that it implies that F has an attrative leaf
and therefore no transverse volume form. ✷
Let us remark that this result an not be extended to taut foliations: the lightlike foliations
of the transversely Einstein example given above are not taut: they have a separating toral
leaf. Anyway, thanks to the lassial theorems of Novikov (see [18℄) and Palmeira (see [19℄),
we dedue the following theorem.
Theorem 6.4 Let M be a 3-dimensional losed manifold. If M possesses a Lorentzian
foliation F then its universal over M˜ is dieomorphi to R3. Moreover the leaves of F˜ , the
lift of F to M˜ , are all lines.
Proof. We know that the lightlike foliations of F have no Reeb omponent then, by
Novikov's theorem, we dedue that they have no vanishing yles or equivalently that their
lift to the universal over as foliations by planes. Palmeira's theorem arms then that the
universal over of M is dieomorphi to R3. To onlude we observe that F˜ is tangent to a
foliation by planes and therefore its leaves are lines. ✷
7 Codimension 2 Lorentzian foliations and linear forms
It is well known that a transversely orientable odimension 1 foliation F is given by a 1-form
ω satisfying the Frobenius ondition ω ∧ dω = 0. We know how to read the existene of
some transverse struture on F on the 1-form ω. For example F is transversely ane (resp.
projetive) if and only if there exists two 1-forms ω and ω0 suh that ω is an equation of
the foliation with dω = ω ∧ ω0 and dω0 = 0 [23℄ (resp. there exists three 1-forms ω, ω1
and ω2 suh that ω is an equation of the foliation with dω = 2ω1 ∧ ω, dω1 = ω ∧ ω2 and
dω2 = 2ω2 ∧ ω1 [2℄). The problem with odimension 2 foliations is that it is not true that
up to a nite over they are generated by a pair of 1-forms. Their normal bundle must be
trivial. But it is preisely the ase, up to a possible 4-over, for odimension 2 Lorentzian
foliations.
As we already saw, a odimension 2 Lorentzian foliation preserves two normal line elds
and a normal volume element. Taking possibly a 4-over this implies that the foliation is
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given by the intersetion of two transversely orientable odimension 1 foliations. Therefore
there exist two 1-forms ω1 and ω2 suh that:{
TF = kerω1 ∩ kerω2
dωi ∧ ωi = 0, for i = 1, 2
But of ourse those onditions are not suient to imply that F is Lorentzian. We did not
use the fat that F admits a transverse volume form. This form an be written f ω1 ∧ ω2,
with f a positive funtion. But replaing ω1 by f ω1 we an suppose that the transverse
volume form is ω1 ∧ ω2. Thus, after a possible modiation of the ωi, we have:
LX(ω1 ∧ ω2) = 0,
for any vetor eld X tangent to F . We already have a haraterization by the 1-forms of
being odimension 2 Lorentzian.
Proposition 7.1 A odimension 2 transversely orientable foliation F is a transversely
ausal Lorentzian foliation if and only if there exists two 1-forms ω1 and ω2 suh that for
any vetor eld X tangent to F we have:

TF = kerω1 ∩ kerω2,
dωi ∧ ωi = 0, for i = 1, 2
LX(ω1 ∧ ω2) = 0
or, equivalently, there exists a third 1-form ω0 suh that:

TF = kerω1 ∩ kerω2,
dω1 = ω1 ∧ ω0,
dω2 = −ω2 ∧ ω0
Proof. The rst assertion has been already proven. For the seond one we just notie
that dωi ∧ ωi = 0, for i = 1, 2 implies that there exist two 1-forms ω3 and ω4 suh that
dωi = ωi ∧ (ωi+2 + fiωi), for any funtion fi. Moreover we know that LX(ω1 ∧ ω2) = 0
this implies that iX(ω3 + f1ω1 + ω4 + f2ω2) = 0, for any vetoreld X tangent to F . We
know moreover that there exists vetorelds Y1 and Y2 suh that ωi(Yi) = 0 (i = 1 or 2)
and ω3−i(Yi) is nowhere vanishing. Those vetorelds allow us to nd the fi's suh that
ω3 + f1ω1 = −(ω4 + f2ω2). We denote this form by ω0. ✷
Remark 7.2 We an give an alternative proof in the ontext of transverse oframes of
the foliation. Let F be a transversely ausal Lorentzian foliation and let GL∗(M,F) be
the prinipal bundle of transverse oframes of F . The transverse struture gives a foliated
redution of GL
∗(M,F) to the group SO0(1, 1). Let Lor(F)
∗
be this redution. There exists
a torsion free basi onnetion on Lor(F)∗: that of Levi-Civita. It is a so(1, 1)-valued 1-form
(so(1, 1) denotes the Lie algebra of SO(1, 1)), hene there exists a 1-form on Lor(F)∗: λ,
suh that the matrix of the onnetion is
(
λ 0
0 −λ
)
. This onnetion is torsion free i.e. by
denition dθ−
(
λ 0
0 −λ
)
∧θ = 0 where the fundamental 1-form θ of pi : GL∗(M,F)→M
is given by θz(Z) = z(dzpi(Z)) (for X → X the natural projetion from TM to ν(F)).
Sine there exist two 1-forms of M , say ω1 and ω2, suh that TF = kerω1 ∩ kerω2, we an
set ω¯i(X) = ωi(X), for all vetor X in TxM and for i = 1, 2, and onstrut the (non basi)
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setion s|x = (ω¯1|x, ω¯2|x) of Lor(F)
∗
. As s∗θ|x(X) = s|x(X) = (ω1|x(X), ω2|x(X)) for all
x ∈M and allX ∈ TM , the nullity of the torsion amounts to the equalities dωi∓s
∗λ∧ωi = 0
(for i = 1 resp. 2). Therefore the 1-form ω0 of the last proposition is equal to the 1-form
−s∗λ.
This proposition enables us to give examples of odimension 2 Lorentzian foliations. The
ase of algebrai Anosov ows of losed 3-manifolds is perhaps not the most interesting. The
1-forms are just the given by the dual of the lassial left invariant frames. We let the reader
hek the details.
The following is perhaps more interesting. On R
3
, we onsider the forms ω1 = cos x dx+
sinx dz and ω2 = cos y dy − sin y dz. When both x and y are not equal to pi/2 mod pi,
this denes a odimension 2 foliation. It is not hard to see that it gives a foliation of
R
3/((2piZ)2 × Z) ≃ T3 minus the four irles given by cos x = cos y = 0. We have dω1 =
cos x dx ∧ dz = ω1 ∧ dz and dω2 = − cos y dy ∧ dz = −ω2 ∧ dz. Hene the foliation is
Lorentzian. The lightlike foliations are just given by the produt of a Reeb foliation of the
2-torus by S1. Thus we an make the drawing of gure 4. The vertial faes of the ube are
piees of lightlike ompat leaves, the dotted urves delimit piees of lightlike leaves and the
blak urves are piees of some leaves of the Lorentzian foliation given by the intersetion
of the lightlike leaves. This may remember something to the reader: this foliation, up to a
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Figure 1.
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orrespondene with Figure 3
identiation
Cirle {(π2 ,
π
2 )} × S
1
, along whih
both lightlike foliations have
an horizontal tangent spae.
Figure 4. The foliated parallelepiped
(
[0, pi]2 \ {(π2 ,
π
2 )}
)
× S1 in R2 × S1,
or in (R2/(2piZ)2)× S1. The vertial segments represent the irles of the fator S1.
four-over, is dieomorphi to that obtained in the beginning of setion 6, restrited to the
open subset P−1((RP1 \ {A−})
2) × S1 of Σ × S1. Indeed, Corollary 7.4 tells us that it is
transversely Lorentzian at (the form ω0 is losed).
Another interesting property an be illustrated thanks to 1-forms. We have seen that
the Lie ane ow on T 3A is Lorentzian but that its spae of transverse metris is big. We
are going to give an example of a transverse metri whih is not the usual at one. On R
3
endowed with oordinates (x, y, z), we onsider the following 1-forms:
ω1 = cos y dx+ λ
y/2π sin y dy,
ω2 = sin y dx− λ
y/2π cos y dy,
where λ is a quadrati number suh that λ + 1/λ ∈ Z. Clearly, kerω1 ∩ kerω2 = ∂z and
we have L∂z(ω1 ∧ ω2) = 0. This gives a very partiular transverse Lorentzian metri to
this trivial foliation. Moreover those forms are invariant under any translation xing y, and
by the transformation γ0 : (x, y, z) 7→ (λx, y + 2pi, z/λ). There exist two translations γ1
and γ2 suh that the group generated by γ0, γ1 and γ2 ats properly and oompatly and
preserves those 1-forms. The quotient is just T 3A endowed with a foliation onjugated with
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the Lie ane foliation but the Lorentzian transverse struture indued by the forms has not
onstant urvature.
Atually the form ω0 ontains more geometri information about the transverse Lorent-
zian metri. It follows lassially from dω1 = ±ωi ∧ ω0, i = 1, 2, that 0 = d
2ωi = ±(dωi ∧
ω0−ω1 ∧ dω0) = ∓ωi∧ dω0, so that there are two 1-forms α and β suh that dω0 = α∧ω1
and dω0 = β ∧ ω2. Finally there is a funtion f suh that dω0 = fω1 ∧ ω2. As iX dω0 = 0
and as dω0 is losed, dω0 is basi, thus f is also basi. Besides f depends only on the
transverse metri, so it should be onneted to the urvature of this metri. And indeed:
Proposition 7.3 Let F be a transversely orientable and ausal Lorentzian foliation on a
manifold M , let K be the funtion on M given by the transverse urvature and let ω0, ω1,
ω2 the 1-forms given by proposition 7.1. Then
dω0 = K ω1 ∧ ω2.
Proof. We simply reall the link, in dimension two, between the urvature form and the
salar urvature. The result follows. Let us denote by ω =
(
λ 0
0 −λ
)
the onnetion form
of Lor(F)∗; the indued urvature form is Ω = dω+ω∧ω = dω as, so(1, 1) being abelian, ω∧
ω vanishes. So s∗Ω = diag(s∗ dλ,−s∗ dλ) = diag(d(s∗λ),− d(s∗λ)) = diag(dω0,− dω0) ∈∧2 T ∗M⊗so(1, 1) is basi as dω0 is. So it may be viewed as an element of∧2 ν(F)∗⊗so(1, 1),
whih is a line bundle over M , identied with End(
∧2 ν(F)∗). Indeed, via the Lorentzian
metri,
∧2 ν(F)∗ is identied with so(1, 1) by ϕ : a∧ b 7→ 12 (a⊗ b♯− b⊗ a♯). So, this bundle
has a anonial setion, the onstant Id∧2 ν(F)∗ , and s∗Ω = σId. This σ is the urvature.
Now, ϕ(ω¯1 ∧ ω¯2) =
(
1 0
0 −1
)
, so s∗Ω = σ
(
ω¯1 ∧ ω¯2 0
0 −ω¯1 ∧ ω¯2
)
. We are done.
One may also onvine the reader by a alulation in transverse oordinates. On any
small enough transversal T to the foliation, endowed with the metri g = 12 (ω1⊗ω2+ω2⊗ω1)
dened by the pair of forms {ω1, ω2}, there are some oordinate systems (x1, x2) suh that
the lines {xi = const.} are the integral leaves of ωi. Then ωi = e
fi
dxi with some funtions
fi, and g = e
f
dx1 dx2 and ω1 ∧ω2 = e
f
dx1 ∧ dx2, with f = f1 + f2. We denote
∂
∂xi
by Xi.
As Span(X1) and Span(X2) are the two isotropi distributions of g, they are parallel for its
Levi-Civita onnetion D. So for all i, j: DXiXj ∈ Span(Xj), hene, DXiXj = 0 for i 6= j
and DXiXi =
∂f
∂xi
Xi. In suh oordinates, it is notieable that the urvature σ satises:
σ = g(R(X1,X2)X1,X2)/g(X1,X2)
2
= e−2fg(DX1DX2X1 −DX2DX1X1,X2)
= e−2f (−(∂g(DX1X1,X2)/∂x2) + g(DX1X1,DX2X2)) as DX2X1 ≡ 0,
= e−2f (−(∂((∂f/∂x1)e
f )/∂x2) + g((∂f/∂x1)X1, (∂f/∂x2)X2))
= e−2f (−(∂2f/∂x1∂x2)e
f − (∂f/∂x1)(∂f/∂x2)e
f + (∂f/∂x1)(∂f/∂x2)e
f )
= −(∂2f/∂x1∂x2)e
−f
On their side, dωi =
∂fi
∂x3−i
efi dx3−i ∧ dxi = (−1)
3−iωi ∧ ω0, with ω0 =
∂f2
∂x1
dx1 −
∂f1
∂x2
dx2.
So dω0 = −(
∂2f1
∂x1∂x2
+ ∂
2f2
∂x2∂x1
)dx1 ∧ dx2 = −
∂2f
∂x1∂x2
e−fω1 ∧ ω2, so the result. ✷
Thanks to this proposition we an nd the Lorentzian analogue to Blumenthal's result (see
[2℄) about odimension 2 Riemannian foliations with transverse onstant urvature (this
ould also be done by Blumenthal's method). We have a haraterization of odimension 2
de Sitter and Minkowski foliations.
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Corollary 7.4 Up to a possible 4-over, a odimension 2 foliation is transversely Minkowski
(resp. de Sitter) if and only if there exists three 1-forms ω0, ω1 and ω2 suh that

TF = kerω1 ∩ kerω2,
dω1 = ω1 ∧ ω0,
dω2 = −ω2 ∧ ω0
dω0 = 0 (resp. ω1 ∧ ω2)
Remark 7.5 If we onsider an orientable, time-orientable, Lorentzian surfae (S, g), it has
a odimension 2 Lorentzian foliation by points and proposition 7.3 is still true. It says that
if S is ompat the integral of K volg vanishes. As in this ase S is dieomorphi to a 2
torus, this is the Gauss-Bonnet-Avez theorem. This also shows that the anonial volume
form of a loally de Sitter surfae S is exat and therefore, as it is well known, S is ertainly
not ompat.
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